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Abstract –Topological insulator is a new state of matter which exhibits exotic surface electronic
properties. Determining the spin texture of this class of material is of paramount importance for
understanding its topological order and can lead to potential applications in spintronics. Here,
we have investigated the nature of the surface state of the topological insulator with hexagonal
warping subjected to an off-resonant circularly polarized light. The resulting electronic ground
state exhibits a novel feature of spin texture breaking the conventional spin-momentum locking
present on a topological insulator surface. The observed spin texture is shown to be a consequence
of the symmetry group of the underlying crystal. The generalisation of our method to the other
2D graphene-like systems are straightforward. Our calculation charts a simple experimental route
for a realisation of the non-trivial spin-textures.
Introduction. – Topological Insulators (TIs) are
unique phases of matter which are bulk insulators but
have topologically protected metallic surface states. The
surface of a two dimensional TI contains even number of
Dirac points and exhibits various extraordinary properties
like robust gapless edge states [1, 2], quantized hall con-
ductivity [3], topological excitations [4] etc. However, sur-
face states of some recently discovered three-dimensional
(3D) TIs like Bi2Se3 and Bi2Te3 have been shown to have
only a single Dirac cone on the surface [5–9]. The 3D
TIs have also been shown to possess an unconventional
electronic phase with spin-momentum locking on the sur-
face of a Dirac cone and have weak anti-localisation ef-
fect in its transport properties [10–12].The conventional
spin-momentum locking is an important property of a gap-
less 3D TI and has been observed in experiments too [8],
[13], [14]. The spin-momentum locking naturally leads to
current-induced spin polarization on the surface states [15]
of a TI and has important implications for spintronics.
Time reversal symmetry breaking by ferromagnetic dop-
ing on the surface of these class of TIs can break the lock-
ing and lead to a non-trivial spin texture [16], [17]. The
unique spin texture is a possible signature of Dirac-metal
to gapped-insulator transition.
The spin-momentum unlocking can also arise naturally
for a time reversal symmetric TI with a finite warping
term. Recent angle-resolved photoemission (ARPES) ex-
periments showed that Bi2Te3 has a rhombohedral struc-
ture with significant hexagonal warping [8], [9], [18–21].
The Fermi surface in the observed band structure devel-
ops from a circle to a hexagon to a snowflake like shape
with increasing chemical potential. Although the hexag-
onal warping term costs a finite out-of-plane spin compo-
nent but the in-plane spin texture remains perpendicular
to the momentum direction. A higher order warping term
is also possible within the symmetry group of the given
crystal. It was shown that the higher order term breaks
the spin-momentum locking on the surface of a Dirac cone
[22].
Here, we will follow a different path and demonstrate
that a non-trivial spin texture also emerges on a hexago-
nal warped TI surface exposed to an off-resonant light. We
will show that the hexagonal warping term plays an impor-
tant role to modify the Dresselhaus spin orbit coupling on
TI surface. The resultant electronic spin texture becomes
non-orthogonal with the momentum. We attempt to an-
swer the following questions: What are the fundamental
differences between the observed novel spin-texture of a
gapped and gapeless TI with finite warping? What are
the differences in spin-texture for a magnetically doped
TI and a time reversal breaking warped TI? We show that
the fundamental differences lies into the symmetry group
of the underlying crystal.
Model and Floquet Theory. – We start our dis-
cussion by introducing Hamiltonian which describes the
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surface states of a TI with finite hexagonal warping [18],
H0(~k) = h¯vk(kxσy − kyσx) + λ
2
(k3+ + k
3
−)σz (1)
The first term in the Hamiltonian describes spin-orbit
locking with vk being the Fermi velocity. In general, the
Fermi velocity may contain second order correction term
i.e., vk = vF (1 + γk
2). However, here we only consider
the case of constant velocity and for the rest of the paper,
vk = v. σx,σy,σz are the Pauli matrices. k± = kx ± iky
where kx,ky are the momentum along the x and y axis,
respectively. The last term of the Hamiltonian in Eq.(1)
describes cubic spin-orbit coupling at the surface of rhom-
bohedral crystal systems and responsible for hexagonal
distortion at the Fermi surface. It breaks U(1) symmetry
in the system and is only invariant under threefold rotation
and mirror transformation along the x axis (C3v), where
x is along Γ − K direction [18]. Note that higher order
terms that preserve the C3v invariance are possible and
their inclusion is not going to change any of the conclu-
sions of this paper. We note that though the Hamiltonian
explicitly break U(1) invariance, there is, at this order in
k, no term that breaks the locking of spin and momentum
since there is no term that couples σx,y to higher powers
of k±. Thus, if the Hamiltonian is only expanded till this
order, the spin remains locked to the momentum in the
time-reversal symmetric problem. This is, however, not
a consequence of any symmetry of the problem and the
spin-momentum locking can be broken by extending the
Hamiltonian to include the next order term allowed by the
C3v symmetry of the system [22].
We now consider a time-reversal-symmetry-breaking
contribution arising from the uniform irradiation of the
TI surface by an optically polarised light beam. The
electric field of the polarized light is given by, E(t) =
E0(cos(ωt),− sin(ωt)), where E0 and ω are the amplitude
and frequency of the optical field, respectively. The corre-
sponding vector potential is ~A(t) = A0(sin(ωt), cos(ωt))
with A0 = −E0/ω. The optical field enters into the
Hamiltonian via the Peierls substitution which replaces
the momentum of electron by h¯ki → h¯ki + eAi. The vec-
tor potential of the polarized optical field is periodic in
time i.e., ~A(t + T ) = ~A(t) with T = 2pi/ω and so the
Hamiltonian also becomes time periodic. In order to find
the eigenstates of the time-periodic Hamiltonian we will
take advantage of the Floquet formalism. Recently, sev-
eral authors have used Floquet formalism in the context
of topological phenomena of TI and graphene [23–30]. For
completeness, we briefly discuss the basic idea of Floquet
formalism in the Appendix. We further consider that the
frequency of the optical field is off-resonant and does not
cause any electronic transition. This can be achieved if
the photon energy of the polarized light is higher than the
bandwidth of our system i.e., the frequency lies in the soft-
x-ray regime (1015Hz). In the off-resonant condition, it is
sufficient to consider two low-order process in the Floquet
regime, describing a single virtual photon emission and
absorption. This off-resonant formalism has been success-
fully applied to graphene, TI and Weyl semimetal [31–34]
and the results also agree with experiments [35], [36]. We
adapt this here to study spin-texture of topological in-
sulators in an optical field. Also, there is another type
of light called on-resonant light whose frequency ranges
from far infrared (1012Hz) to visible light (1014Hz). The
on-resonant light can induce interband and intraband elec-
tron transition which we are not taking consideration here.
Under irradiation, the time dependent Hamiltonian is
given by,
H(~k, t) = H0(~k) + V(t) (2)
where H0 is given in Eq.(1) and V(t) = ev[Axσy−Ayσx]+
3eλ
2h¯ [k
2
+A+ + k
2
−A−]σz +O(A2, A3) with A± = Ax ± iAy.
The effective Hamiltonian is approximately expressed as,
Heff = H0 + [V−1, V+1]
h¯ω
(3)
with V−1 = iα(iσx − σy) + iβ[2ikxky − (k2x − k2y)]σz and
V+1 = V
†
−1. Where α =
evA0
2 and β =
3eλA0
2h¯ . Using the
form of V−1 and V+1, Eq.(3) becomes,
Heff = h¯v[(kx +K1(kx, ky))σy − (ky +K2(kx, ky))σx]
+
λ
2
(k3+ + k
3
−)σz + ∆ωσz (4)
where K1(kx, ky) = − 4αβh¯2ωv (k2x − k2y), K2(kx, ky) =
8αβ
h¯2ωv
kxky and ∆ω =
4α2
h¯ω . From the above Hamiltonian,
it is evident that the influence of the off-resonant optical
field on the band structure of the system is two fold: it
renormalizes the spin-orbit coupling strength of TI sur-
face and introduces a gap. Note that in the absence of the
warping term both K1 and K2 are zero but ∆ω 6= 0. Such
kind of Floquet systems have been studied in the recent
past in the context of graphene and TI [30–33,37,38]. The
warping term here modifies the spin-orbit coupling on the
TI surface. The Hamiltonian in Eq.(4) breaks the time
reversal symmetry. Also, the term K1σy −K2σx in Eq.(4)
breaks mirror symmetry that is present in Eq.(1). The
symmetries of the Floquet Hamiltonian are important in
understanding the emergent spin texture phenomena.
The matrix form of Eq.(4) is given by,
Heff =
(
∆(k, θ) h¯v(−ik− + iak2+)
h¯v(ik+ − iak2−) −∆(k, θ)
)
(5)
where ∆(~k, θ) = λk3 cos(3θ) + ∆ω = λ(k
3
x − 3kxk2y) +
∆ω, with θ = tan
−1(ky/kx) and a = 4αβh¯2ωv . The energy
eigenvalues are given by,
E(~k) = s
√
(∆(~k, θ))2 + h¯2v2(k2 + a2k4 − 2ak3 cos(3θ)) (6)
where s = ±, defines conduction and valance band re-
spectively. We see that the band structure is three-fold
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Fig. 1: Spin Texture (Sx, Sy) in the kx−ky plane of the surface
state Brillouin zone. The unit of momentum is nm−1 (gapless).
The gap ∆ω = 0 eV, the warping λ = 0.2 eV nm
3 and a = 0
(no optical polarized field). The colour shows the in-plane spin
density.
symmetric under θ → θ± 2pi/3. This is different from the
symmetry of the band structure of the time-reversal sym-
metric Hamiltonian, which, because of time-reversal sym-
metry, is six-fold symmetric. The wave function u(~k, s) is
defined by the equation H(~k)effu(~k, s) = E(~k)u(~k, s) and
is given by,
u(k, s) = Cs
(
1
h¯v(ik+−iak2−)
Es+∆(k,θ)
)
(7)
where Cs is the normalization parameter and
C2s = [1 +
h¯2v2(k2 + a2k4 − 2ak3 cos(3θ))
(Es + ∆(k, θ))2 ]
−1 (8)
For rest of the paper, we have used h¯ω = 8eV . We choose
evA0 = 0.5eV and evA0 = 0.9eV . The corresponding
values of a = 0.17nm, ∆ω = 0.03eV (evA0 = 0.5eV )
and a = 0.55nm, ∆ω = 0.1eV (evA0 = 0.9eV ). With
these values, h¯ω  evA0 i.e. off-resonant conditions are
satisfied. We will present the results here for s = +1 i.e.,
for the conduction bands.
Spin Texture. – Using the eigenfunctions in Eq.(7)
of effective Hamiltonian, one can calculate the average
value of spin [21,39]. We compute the average value of the
electron spin components Sx, Sy(in-plane) and Sz(out-of-
plane) and are given by,
Sx =
h¯
2
C2s
h¯v[−4akxky − 2ky]
Es(k, θ) + ∆(k, θ) (9)
Sy =
h¯
2
C2s
h¯v[−2a(k2x − k2y) + 2kx]
Es(k, θ) + ∆(k, θ) (10)
Sz =
h¯
2
C2s [1−
h¯2v2(k2 + a2k4 − 2ak3 cos(3θ))
(Es(k, θ) + ∆(k, θ))2 ](11)
In the absence of the polarized optical field (a = 0 and
∆ω = 0), the results are valid for a gapless TI with finite
hexagonal warping. Fig.(1) shows the spin texture on the
surface of the Dirac cone of a normal topological insulator
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Fig. 2: (a)Spin texture in the kx − ky plane of a warped Flo-
quet TI surface (gapped). The parameters are ∆ω = 0.1 eV,
λ = 0.2 eV nm3 and a = 0.55 nm.(b) Corresponding stream
line structure of the spin texture. The resultant spin is not
perpendicular with the direction of the momentum.
with hexagonal wraping. The arrows denote the direc-
tion of the spin. The in-plane components of the spin
remain locked with the perpendicular component of the
momentum on the surface of a Dirac cone, as discussed
in [21], [22]. The off-resonant radiation modifies the spin-
orbit coupling and introduces a gap on the TI surface (see
Eq.(4)). The spin-momentum locking is no longer present
now, which is clear from Eq.(9) and Eq.(10). Fig.(2) shows
the in-plane spin texture of a Floquet topological insula-
tor surface with a finite hexagonal warping. The spin tex-
ture pattern is symmetric under three-fold rotation C3v
which follows from symmetry of the time reversal break-
ing Hamiltonian in Eq.(4). The higher order warping term
as in Ref [22] can be taken into account in our model. But
from symmetry considerations, it will not change the spin
texture pattern discussed here. Although, the spin tex-
ture in Ref. [22] is quite similar to Fig.(2), the fundamen-
tal difference appears in the angle of deviation which we
will discuss later in the paper. Another way to observe
a non-trivial spin texture of a TI is by breaking time re-
versal symmetry with a magnetic doping. The magnetic
polarisation breaks the residual rotational symmetry of a
TI and creates a novel spin texture phenomena [17].
In-Plane Spin Density. – We now turn to a discus-
sion of the total spin density. From Eq.(9) and Eq.(10),
we calculate the total in-plane spin density (in units of
h¯/2)
Stot(k, θ) =
h¯vk
√
1 + a2k2 − 2ak cos(3θ)√
h¯2v2k2(1 + a2k2 − 2ak cos(3θ)) + ∆2(k, θ)
(12)
In the absence of the polarized field (i.e., a = 0 and ∆ω =
0), Eq.(12) becomes,
Stot(k, θ) =
h¯vk√
h¯2v2k2 + λ2k6 cos2(3θ)
(13)
The in-plane spin density in Eq.(13) of a time reversal
invariant hexagonal warped TI has six-fold symmetry. It
p-3
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Fig. 3: Total spin desity as a function of θ. Left panel shows
the results for Floquet system (a 6= 0)and right panel show the
results in the absence of polarized field (a = 0 and ∆ω = 0).
In left panel, for k = 1
a
, Stot has minimum zero value when
θmin = 2npi/3 (n ∈ Z). For k 6= 1a , Stot has non-zero minimum
for θmin. In right panel, Stot is almost constant for lower vales
of k. For higher values of k, Stot oscillates due to significant
contributions of the warping term.
reaches a maximum value of h¯/2 at k = 0 independent of
θ, because the k6 term in the denominator has negligible
contribution. For other value of k, it follows the cos(3θ)
term and reaches h¯/2 for θ = (2n + 1)pi/6 (n ∈ Z). The
results are shown in the right panel of Fig.(3)(See also
colour density in Fig.(1)). The symmetry group reduces
to C3v in Eq.(12). Stot in Eq.(12) takes zero values at
k = 0 or when cos(3θ) = (1 + a2k2)/2ak (for k 6= 0). The
second condition demonstrates that it is possible to control
spin density by tuning the parameter a. The results are
shown in left panel of Fig.(3) (See also colour density in
Fig.(2(a)).
Out-Of Plane Spin Component. – Here, We will
discuss about out of-plane spin component (Sz). First, we
consider the case without polarized optical field i.e. a = 0
and ∆ω = 0. In this condition, the Eq.(11) becomes (also
see Ref [21])
Sz = ± h¯
2
λ(k3x − 3kxk2y)√
h¯2v2k2 + λ2(k3x − 3kxk2y)2
(14)
From Eq.(14), it is clear that, at a finite value of λ, Sz
is zero for θ = ±pi/6 and pi/2. For other value of θ, it
has symmetric positive and negative regions. The total
average value of Sz is zero due to time reversal invariance
i.e, no net magnetization. The result is shown in left panel
of Fig.(4). With the introduction of polarised field, the
expression of Sz is given in Eq.(11). Due to time reversal
breaking, Sz picks up maximum value of h¯/2 at k = 0.
For other values of k, it has similar structure as earlier.
The result is shown in right panel of Fig.(4). Note that,
the out-of-plane spin component (Sz) belong to the same
rotational symmetry group C3v for both time reversal and
time reversal breaking system. But, as the time reversal
breaking system becomes gapped at k = 0, it picks up a
finite value.
Fig. 4: The z component of spin (Sz in units of h¯/2) as a
function of kx, ky in units of nm
−1. The left figure shows Sz of
a normal gapless TI with finite warping. The parameters are
∆ω = 0, λ = 0.2 eV nm
3, a = 0. The figures shows that it
has symmetric positive and negative regions. The right figure
shows Sz of the Floquet warped TI surface. The parameters
are ∆ω = 0.03 ev, λ = 0.2 eV nm
3, a = 0.17 nm.
Angle of Deviation. – We will end our discussion by
calculating angle of deviation(δω) between in-plane spin
and momentum of the electron. It will help us understand
how the in-plane spin components are oriented along mo-
mentum direction. From Eq.(9) and Eq.(10), one can cal-
culate δω:
δω = cos
−1[
−ak sin(3θ)√
1 + a2k2 − 2ak cos(3θ) ]−
pi
2
(15)
So, the angle of deviation δω is function of k and also of
θ. From Eq.(15), it is clear that the angle of deviation is
zero for θ = 0 or ±pi/3, independent of k. For other values
of θ, δω has symmetric positive and negative regions. The
result is shown in Fig(5). As we have discussed earlier the
higher order warping term also breaks the spin momentum
locking on the surface of the Dirac cone and it was shown
that δω is zero along two symmetry directions (Γ−K and
Γ −M). But in our case, it is only zero along symmetry
line Γ − K and θ = pi/3. This is due to fact that in
our case, off-resonant light has asymmetrical coupling to
the electron momentum. For example, the form of the
Hamiltonian along Γ−M direction is given by,
HΓ−Meff = h¯v[ak2yσy − kyσx] + ∆ωσz. (16)
The term ak2yσy in Eq.(16) breaks the mirror symmetry
resulting in a finite Sy value. So, in the spin structure,
both the in-plane spin (Sx and Sy) has a finite value and
the resultant spin component becomes non-orthogonal to
the ky-axis. Similarly, the form of the Hamiltonian along
Γ−K direction is given by,
HΓ−Keff = h¯v(kx − ak2x)σy + (λk3x + ∆ω)σz. (17)
So, only the Sy spin component exists and remains or-
thogonal to the kx-axis. (Similarly, one can see the
spin-momentum orthogonality/non-orthogonality at other
points in BZ also).Now we take the higher order warping
term Hhw = iξ(k5+σ+ − k5−σ−) as a perturbation to see
p-4
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Fig. 5: Plot of angle of deviation (δω) with θ. (a) Shows δω as
a function of θ for different values of a with k = 0.55 nm−1.(b)
Shows δω as a function of θ for k =
1
a
and k 6= 1
a
. δω is
undefined at θ = 2npi/3 (n ∈ Z) for k = 1
a
since total in-plane
density Stot becomes zero (see also Fig.(3)).
whether it changes the δω. Along Γ−M and Γ−K direc-
tion the warping term modifies the Hamiltonian of Eq.(16)
and Eq.(17) by HΓ−Mhw = −2ξk5yσx and HΓ−Khw = −2ξk5xσy.
So, the behaviour of δω still remains the same (It is also
invariant for θ = pi/3 sinceHhw belongs to same rotational
group of Heff ). In Fig.(5)(a), we take different values of
a and it is seen that the δω increases with the value of
a. Eq.(15) also tells that for k = 1/a, δω is undefined at
θ = 2npi/3 (n ∈ Z). Actually, at that point the in-plane
density is zero (see also Fig.(3)) and so the δω is mean-
ingless. We show our result in Fig(5)(b) for k = 1/a and
k 6= 1/a. The results shows that it is possible to tune δω
at a fixed value of k in BZ by tuning the parameter a.
Conclusions. – We have shown that the locking of
spin with momentum is broken when a TI surface is ir-
radiated with an off-resonant light field, even when this
symmetry is not broken explicitly by the underlying time-
reversal-symmetric Hamiltonian. We carry out the dis-
cussions in the context of a model Hamiltonian which
has hexagonal warping. In this case, a novel spin-texture
emerges, consistent with the C3v symmetry of the un-
derlying Hamiltonian. Since ultimately the spin-texture
has to be consistent with the symmetries of the system,
the spin-texture we obtain is distinctly different from the
one in which time-reversal symmetry of the system is bro-
ken using magnetic doping. The spin texture we obtain
by explicitly breaking time-reversal symmetry is also less
symmetric than the one which would be obtained if one
included a further fifth order in momentum term in the
Hamiltonian consistent with C3v symmetry and preserv-
ing time-reversal symmetry.
Since irradiation by polarised light beam is experimentally
easily accessible, our work presents the simplest way of
experimentally realising and controlling spin-texture. We
demonstrate theoretically how the in-plane spin density,
out-of-plane spin component and angle of deviation can
be tuned by tuning the strength of the polarised optical
field. Since higher order terms in the Hamiltonian do not
break any symmetry not already broken by the polarised
electromagnetic field, our results will remain unchanged
under inclusion of all such terms. Finally, our work can
also be extended to TIs with different lattice symmetries.
Generically, the spin-texture in all TIs under irradiation
will only have the symmetries of the underlying lattice.
We hope that our contribution will help in understand-
ing and study of spin-textures in newer TIs that are being
continually discovered.
Appendix. – Here we present a brief discussion on
the Floquet formalism and show that the effective static
model can equivalently be obtained using the Floquet the-
ory. Under irradiation, the Hamiltonian H(t) = H0 +V(t)
becomes time periodic i.e., H(~k, t + T ) = H(~k, t) with
T = 2pi/ω. Due to the discrete time peridicity, the solu-
tion of Schro¨dinger equation,
ih¯∂t |Ψ(t)〉 = H(~k, t) |Ψ(t)〉 (18)
has the form
|Ψ(t)〉 = e−iEt/h¯ |Φ(t)〉 (19)
which is a product of the phase factor involving the Flo-
quet quasienergy E and the time-periodic wave function
|Φ(t+ T )〉 = |Φ(t)〉. Time periodicity guarantees that we
can use a discrete Fourier transformation,
V(t) =
∑
m
e−imωh¯tHm
|Φ(t)〉 =
∑
m
e−imωh¯t |Φm〉 (20)
When Eq.(20) substituted in Eq.(18), the eigenvalue equa-
tion becomes matrix form as,∑
m
(Hn−m −mh¯ωδmn) |Φm〉 = E |Φm〉 (21)
i.e., the matrix form of parenthesis in Eq.(21)can be writ-
ten in tridiagonal form as,
....
... V−1 H−2 V+1 0 0 0 ...
... 0 V−1 H−1 V+1 0 0 ...
... 0 0 V−1 H0 V+1 0 ...
... 0 0 0 0 V−1 H1 V+1...
.... 0 0 0 0 0 V−1 H2 .....

with
Vm =
1
T
∫ T
0
dtH(t)e−imh¯ωt (22)
define over a period and Hm = H0 +mh¯ω. The term with
phase factor e−imh¯ωt in the Hamiltonian induces a tran-
sition from Floquet mode m to m ± 1. The eigenvalue of
time independent in equation (21) is given for any general
value of m as,
φ =

φ−m
.
φ−1
φ0
φ1
.
φm−1
φm

(23)
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In general m varies from−∞ to∞. But the matrix form
can be reduced if the frequency of polarised field is high
enough. Here we will neglect any interband and intraband
electron transition i.e. frequency is off-resonant. Such
off-resonant condition is satisfied for the frequency h¯ω 
||H0||. Under the condition, we restrict our formalism for
low values of m (m = −1, 0, 1). This leads three coupled
equations [40,41]
H−1φ−1 + V+1φ0 = Eφ−1 (24)
V−1φ−1 +H0φ0 + V+1φ+1 = Eφ0 (25)
H+1φ+1 + V−1φ0 = Eφ+1 (26)
From the first and last equations we get,
φ−1 = (E −H−1)−1V+1φ0 (27)
φ+1 = (E −H+1)−1V−1φ0 (28)
Putting φ−1 and φ+1 back into Eq.(25), one can get an
approximate solution as,
(H0 + V−1V+1
h¯ω
− V+1V−1
h¯ω
)φ0 ' Eφ0 (29)
i.e.,
Heffφ0 ' Eφ0 (30)
where, the effective Hamiltonian given as,
Heff ' H0 + [V−1, V+1]
h¯ω
(31)
So, a static effective Hamiltonian is possible to find in
the Floquet regime under the off-resonant condition. The
second and third term in Eq.(29) are associated with a
virtual photon emission and absorption process [23].
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